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Abstract
If R is a ring with identity then FilR denotes the set of all right topologizing lters on R:
This paper investigates those rings R for which the natural multiplication operation on FilR is
commutative. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: Primary 16S90; Secondary 16N20; 16N60; 16P40
1. Introduction
One of the basic objectives in torsion theory is to determine how much informa-
tion relating to the internal structure of a ring is carried by its torsion preradicals, or
equivalently, its topologizing lters. There are several ways of tackling this problem.
One approach is to determine those internal ring theoretic properties which may be
characterized in terms of torsion preradicals. Three classes of rings which are known
to aord such a characterization are the classes of right strongly prime rings, right ar-
tinian rings, and left perfect rings. Specically, a ring R is right strongly prime if and
only if (R)=0 for all proper torsion preradicals  on the category of right R-modules,
Mod-R (see [14, Proposition V. 4, p. 221]). A ring R is right artinian if and only if
the pretorsion class associated with every torsion preradical on Mod-R is closed under
direct products (a torsion preradical with this property is called Jansian) (see [1, Corol-
lary 3:3, p. 25]). Finally, a ring R is left perfect if and only if every torsion radical
on Mod-R is Jansian and the lattice of torsion radicals on Mod-R is boolean (see [7,
Proposition 12:6, p. 111; Proposition 22:22, p. 272]).
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A second related approach entails a description of those rings whose torsion prerad-
icals satisfy a given property. The task of describing those rings R for which every
torsion preradical is a torsion radical (or equivalently, every topologizing lter is idem-
potent) falls into this category of problem and has attracted considerable interest (see
[5,21,18]). This investigation is related to the one undertaken in this paper, for rings
with the aforementioned property enjoy commutativity of torsion preradical multiplica-
tion. This latter condition being the subject of our investigation.
2. Preliminaries
All rings are associative and have identity. If R is a ring its category of unital right
modules is denoted by Mod-R and  stands for the relation of submodule inclusion in
Mod-R. By an ideal of R we always mean a two-sided ideal. If R is a ring IdR denotes
the set of ideals of R. For M 2 Mod-R and nonempty subsets X and Y of M we dene
(X : Y )=fr 2 R: YrX g: For subsets X; Y of R, we dene (X :rY )=fr 2 R: YrX g
and (X :l Y )= fr 2 R : rY X g: Of course, if N  M then (N : Y )  RR and if K is
a right (resp. left) ideal of R then (K :r Y ) (resp. (K :lY )) is a right (resp. left) ideal
of R.
We cite [8,9] as torsion theoretic references sucient for our purposes in this paper.
Indeed most of the notational conventions used in this paper have been extracted from
these sources. If R is a ring we shall denote the set of all torsion preradicals on Mod-R
by torsp R. We use  to denote the natural order relation on torsp R. It is known that
htorspR;i is a complete modular algebraic lattice. Multiplication of torsion preradicals
is dened as follows: if ;  2 torspR then (  )(M)=(M) = (M=(M)) for all M 2
Mod-R. If 0 denotes the zero functor on Mod-R then htorspR;  ; 0i is a monoid (see [9,
Proposition 3:9, p. 34]). Recall that  2 torspR is said to be Jansian if the pretorsion
class associated with  is closed under direct products. We use tors R to denote the
set of all idempotent elements of torsp R that is, torsion radicals on Mod-R. If _ and
^ denote the binary join and meet operations on torspR respectively, then the order
dual of htorspR;_;^; ; 0i is an example of a lattice ordered right residuated integral
monoid (see [9, pp. 43{44]).
We denote the set of right topologizing lters on a ring R by FilR: Multiplication
of topologizing lters is dened by F  G = fK  RR: 9H 2F such that H K and
(K :r a) 2 G 8a 2 Hg whenever F;G 2 FilR: We use GabR to denote the set
of all right Gabriel lters on R; that is, idempotent elements of FilR. We call F 2
FilR Jansian if F is closed under (arbitrary) intersections. If F 2 FilR we dene
LF =
T
F. It is easily shown that LF is an ideal of R. Note that F is Jansian if
and only if LF 2 F: If F 2 FilR we use torspF to denote the torsion preradical
dened on Mod-R by (torspF)(M) = fx 2 M : (0 : x) 2 Fg for all M 2 Mod-R.
The map F 7! torspF, denes a complete lattice and semigroup isomorphism from
FilR to torspR. It follows that FilR and torspR are structurally identical. In particular,
FilR is a monoid under the operation  with identity element fRg: If K  RR we use
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(K) to denote the smallest member of FilR containing K . We require the following
internal description of (K): (K) = fL  RR: L(0 : X ) for some nite subset X
of (R=K)Rg: If I is an ideal of R then (I) = fK  RR: K  Ig: The association
I 7! (I); I 2 IdR; denes a map from IdR to the order dual of FilR: This map is a
one-to-one join-complete and meet semilattice homomorphism as well as a semigroup
homomorphism whose image is the set of all Jansian elements of FilR.
Our objective is to study those rings R for which hFilR;  ; fRgi is a commutative
monoid. We shall henceforth refer to a ring R with this property as a ring for which
‘FilR is commutative’. Observe that if FilR is commutative then ideal multiplication
in R must be commutative because of the embedding  : Id R! FilR.
3. Noetherian rings
In this section we examine right noetherian rings R for which FilR is commutative.
We start with a general result.
Theorem 1. (i) The class of rings for which FilR is commutative is closed under
homomorphic images and nite direct products;
(ii) if R and S are Morita equivalent rings and FilR is commutative then so is
Fil S.
Proof. (i) Let I be a proper ideal of R and suppose that FilR is commutative. Dene
a map  : Fil(R=I)! FilR by (F) = fK  RR: K  I & K=I 2Fg (F 2 Fil (R=I)).
It is easily checked that  is a one-to-one order-preserving map with the property that
(F G) = [(F) (G)] \ (I) for all F;G 2 Fil (R=I). It follows that (F G) =
(G F); whence F G=G F for all F;G 2 Fil (R=I): Thus Fil (R=I) is commutative.
To verify the second assertion in (i), suppose fRi: 1  i  ng is a nite family of
rings with each FilRi commutative. Put R =
Qn
i=1 Ri. A routine exercise shows that
the association (F1;F2; : : : ;Fn) 7! fK1  K2      Kn: Ki 2Fi ; 1  i  ng (Fi 2
FilRi; 1  i  n); denes a semigroup isomorphism from
Qn
i=1 FilRi to FilR. The
commutativity of FilR follows.
(ii) If R and S are Morita equivalent rings there must exist an additive category
equivalence F : Mod-R ! Mod-S. This equivalence induces a bijection from torspR
to torsp S which is both a lattice and semigroup isomorphism. (For a proof see [19,
Theorem II:5:2, p. 102].) Assertion (ii) follows immediately.
It is known (see [1, Corollary 3:3, p. 25]) that a ring R is right artinian if and only
if every F 2 FilR is Jansian. Equivalently, R is right artinian if and only if the map
 : Id R! FilR is onto. The next result follows immediately.
Proposition 2. The following assertions are equivalent for a right artinian ring R:
(i) FilR is commutative;
(ii) Id R is commutative; i.e.; IJ = JI for all I; J 2 Id R.
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Remark 1. (i) The equivalent conditions in the above result do constitute a restriction
on a right artinian ring, for example, if R is the right artinian ring

Q R
0 R

and I =

0 R
0 R

; J =

0 R
0 0

;
then I; J 2 Id R yet IJ 6= JI .
(ii) It follows from the above result that if R is commutative and artinian then Fil
R is commutative. In general, we shall see that commutativity of the ring R does not
guarantee commutativity of FilR.
(iii) In Theorem 7 we demonstrate that the equivalence of assertions (i) and (ii) of
Proposition 2 does hold under weaker conditions.
Let F 2 FilR. A subset X of F is said to be a conal set for F if given any
A 2 F there exists B 2 X such that AB. We call F bounded if F has a conal
set consisting of ideals of R. Trivially, if R is commutative then every F 2 FilR is
bounded.
Lemma 3. Let R be a ring and F;G 2 FilR.
(i) If I =
Pn
i=1 aiR 2 F and J 2 G then
Pn
i=1 aiJ 2F  G.
(ii) If fI:  2  g is a conal set of nitely generated right ideals for F with
I =
Pn()
i=1 aiR;  2  ; and fJ:  2 g a conal set of right ideals for G; then
fPn()i=1 aiJ:  2  ;  2 g; is a conal set for F  G.
Proof. (i) Put K =
Pn
i=1 aiJ . Certainly I K . Let a =
Pn
i=1 airi 2 I and set
L =
Tn
i=1(J :r ri). Note that L 2 G (because J 2 G) and airiL aiJ for all i 2
f1; 2; : : : ; ng;
whence aLPni=1 aiJ = K . It follows that (K :r a)L 2 G. We may conclude
that K 2 F  G; as required.
(ii) Let K 2 F  G. There exists H 2 F such that H K and (K :r a) 2 G for
all a 2 H . Since fI :  2  g is a conal set for F we can choose  2   such
that H  I =
Pn()
i=1 aiR. Certainly (K :r a) 2 G for all a 2 I; so (K :r ai) 2 G
for all i 2 f1; 2; : : : ; n()g; whence L = Tn()i=1 (K :r ai) 2 G. By hypothesis, fJ:  2
g is a conal set for G; so we can choose  2  such that L J. ThereforePn()
i=1 aiJ
Pn()
i=1 aiL
Pn()
i=1 K = K; as required.
Remark 2. If, in the above lemma, each J is an ideal of R then
Pn()
i=1 aiJ =Pn()
i=1 ai(RJ) = (
Pn()
i=1 aiR)J = IJ. It follows that fIJ:  2  ;  2 g is a conal
set for F  G.
The following corollary is an immediate consequence of Lemma 3.
Corollary 4. Let R be a right noetherian ring for which Id R is commutative; i.e.;
IJ=JI for all I; J 2 Id R. If F and G are bounded elements of FilR then FG=GF.
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If M 2 Mod R it is easily shown that F = fK  RR: K  (0 : X ) for some nite
subset X of Mg is a right topologizing lter on R. If F is Jansian, we call M nitely
annihilated. Observe that LF = (0 : M) thus M is nitely annihilated if and only if
(0 : M) = (0 : X ) for some nite subset X of M . If M is nitely annihilated and
faithful we call M cofaithful.
In [1, Proposition 1.4, p. 7] Beachy and Blair provide a second characterization
of right artinian rings: a ring R is right artinian if and only if every right R-module
is nitely annihilated. The following slightly weaker condition was rst studied by
Gabriel [6, p. 422]: a ring R is said to satisfy condition H (on the right) if every
nitely generated right R-module is nitely annihilated. Recall that a ring R is said to
be right bounded if every essential right ideal of R contains an ideal of R which is
essential as a right ideal. We call R right fully bounded if each prime factor ring of R is
right bounded. We shall abbreviate the condition \right noetherian right fully bounded"
with \right FBN". Historically right FBN rings arose out of attempts to generalize the
classical properties enjoyed by commutative noetherian rings. \fully bounded" in this
context can thus be thought of as a \weak commutativity" condition. The next two
results are due to Cauchon [2] (a proof may be found in [3, Theorem 7:8, p. 102])
and Beachy and Blair [1, Proposition 3:5, p. 26], respectively.
Theorem 5. The following assertions are equivalent for a right noetherian ring R:
(i) R is right fully bounded;
(ii) R satises condition H on the right.
Remark 3. The well-known fact that every right artinian ring is right FBN follows
from Theorem 5 and the preceding comments.
Proposition 6. The following assertions are equivalent for a ring R:
(i) R satises condition H on the right;
(ii) every F 2 FilR is bounded.
A combination of Corollary 4, Theorem 5 and Proposition 6 yields the following.
Theorem 7. The following conditions are equivalent for a right FBN ring R:
(i) FilR is commutative;
(ii) Id R is commutative.
Corollary 8. If R is a commutative noetherian ring then FilR is commutative.
Our next objective is to construct a class of right noetherian rings all of whose
members R are such that IdR is commutative but FilR noncommutative. This demon-
strates that in the absence of the right fully bounded condition, condition (i) of
Theorem 7 is strictly stronger than condition (ii). The class of rings to be con-
structed shall consist of skew polynomial rings. Throughout the remainder of this
section K[x; ] shall denote the skew polynomial ring over a eld K with (nonzero)
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endomorphism  and multiplication induced by the rule: ax = x(a) for
a 2 K .
Proposition 9. Let K be a eld and  an endomorphism on K . Let R=K[x; ]: Then:
(i) every ideal of R is of the form xmpR for some m 2 N and central element p;
(ii) ideal multiplication commutes in R.
Proof. (i) Suppose I is an ideal of R. Since R is a principal right ideal ring we can
write I = fR for some right invariant f 2 R. If f = 0 there is nothing to prove so
assume f 6= 0. Write f =Plk=0 xnk ak where ak 6= 0 for all k 2 f0; 1; : : : ; lg and
0  n0<n1<   <nl. Without loss of generality assume that a0 =1. Since f is right
invariant xf = fg for some g 2 R. It is not dicult to see that g must have the form
xd for some d 2 K n f0g. It follows that ak = (ak)d for all k 2 f0; 1; : : : ; lg; whence
1= (a1)−1a1 = (a2)−1a2 =   = (al)−1al and so ak = (ak) for all k 2 f0; 1; : : : ; lg.
This shows that each ak is central in R.
Suppose  has nite order n 2 N; say. Write each nk = nqk + rk with qk ; rk 2 Z;
qk  0 and 0  rk <n. Hence f =
Pl
k=0(x
n)qk xrk ak . Let c 2 K be arbitrary. Inas-
much as f is right invariant there must exist d 2 K such that cf = fd; i.e., cf =
c(
Pl
k=0(x
n)qk xrk ak) =
Pl
k=0(x
n)qk xrk rk (c)ak =
Pl
k=0(x
n)qk xrk akd = fd. This entails
rk (c)ak=akd and rk (c)=d for all k 2 f0; 1; : : : ; lg. Since r0 (c)=r1 (c)=  =rl(c) for
all c 2 K we must have that r0=r1=  =rl . But  has order n; so r0=r1=  =rl=m;
say. We can therefore write f as xm(
Pl
k=0(x
n)qk ak). Observe that p =
Pl
k=0(x
n)qk ak
is a central element of R. Thus (i) is established. A similar but simpler argument
establishes (i) in the case where  does not have nite order.
(ii) Let I and J be ideals of R. By (i) I = xnpR and J = xmqR for some n; m 2 N
and central elements p; q in R. Observe that
IJ = (xnpR)(xmqR) = xnp(Rxmq)R
 xnp(xmqR)R (because xmq is right invariant)
= xnpxmqR
= xmqxnpR (because p; q are central)
 (xmqR)(xnpR) = JI:
A symmetrical argument establishes the reverse containment. Thus IJ = JI; as required.
Our next task is to show that if R = K[x; ] then FilR is not commutative for an
appropriate choice of K and . We rst need to describe the right Gabriel lters on
such a ring R. We require the following key result. A proof may be found in [20].
Proposition 10. Let R be a principal right ideal ring and A a proper right ideal of
R. Let G be the smallest right Gabriel lter on R containing A; i.e.; G = (A) Then
the following conditions are equivalent for a right ideal L of R:
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(i) L 2 G;
(ii) there exist (si; ti) 2 R  R; 1  i  n; such that (A :r si) = tiRR for all
i 2 f1; 2; : : : ; ng and L t1t2 : : : tnR.
We now interpret condition (ii) of the above proposition in the case where R=K[x; ]
and A=(x−a)R; a 2 K . Since R satises the right division algorithm (see [4, Theorem
1:6, p. 92]) we can write each si = (x − a)qi + bi for some qi 2 R and bi 2 K . Then
(A :r si) = (A :r (x − a)qi + bi)
= (A :r bi) = b−1i A (if bi = 0 then si 2 A and (A :r si) = tiR= R;
which contradicts (ii))
= b−1i (x − a)R:
Inasmuch as (A :r si) = tiR; we can write each ti = b−1i (x − a)ci for some ci 2 K .
Therefore t1t2 : : : tnR=b−11 (x−a)c1b−12 (x−a)c2 : : : b−1n (x−a)cnR. Making repeated use
of the identity b(x − a) = (x − ba(b−1))(b), b 2 K n f0g, it is possible to write the
above right ideal in the form (x−d1a(d−11 ))(x−d2a(d−12 )) : : : (x−dna(d−1n ))R for
suitable di 2 K n f0g; 1  i  n. Hence if L satises condition (ii) of the previous
proposition then L must satisfy:
(iii) there exist di 2 K n f0g; 1  i  n; such that
L(x − d1a(d−11 ))(x − d2a(d−12 )) : : : (x − dna(d−1n ))R:
Conversely, if L satises condition (iii) above, then L satises condition (ii) of
Proposition 10 with ti = x − dia(d−1i ) and si = d−1i for all i 2 f1; 2; : : : ; ng. We
conclude that if G is the smallest right Gabriel lter on R=K[x; ] containing (x−a)R
then L 2 G if and only if L satises condition (iii) above.
We require one further preparatory denition and result. Put R = K[x; ]. For each
a 2 K , dene a map ’a : R ! K as follows: if f =
Pn
i=0 x
ici 2 R then ’a(f) =
c0 +
Pn
i=1 a(a) : : : 
i−1(a)ci. It is easily shown that ’a is a right K-vector space
homomorphism from RK to KK .
Recall that if f; g 2 K[x; ] then g is said to be a left factor of f if f = gh for
some h 2 K[x; ].
The following result is due to Smith [17, Theorem 2, p. 335].
Proposition 11. Let K be a eld and  an endomorphism on K . Then the following
assertions are equivalent for f 2 K[x; ]:
(i) x − a is a left factor of f;
(ii) ’a(f) = 0.
The next theorem is the culmination of our investigation into skew polynomial rings.
Theorem 12. Let K be a eld and  an endomorphism on K . Suppose R = K[x; ].
Then:
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(i) Id R is commutative;
(ii) FilR is commutative only if  is an automorphism.
Proof. (i) is just Proposition 9(ii).
(ii) Suppose  is not onto and choose a 2 K n Im . Let G be the smallest right
Gabriel lter on R containing (x−a)R and put F=(xR). Observe that xR is an ideal
of R since x is a right invariant element of R, so F is Jansian.
In the sequel to Proposition 10 we showed that if L 2 G then there exist di 2
K nf0g; 1  i  n, such that L(x−d1a(d−11 ))(x−d2a(d−12 )) : : : (x−dna(d−1n ))R.
Consider the right ideal x(x − a)R of R. Inasmuch as xR 2 F and (x − a)R 2 G, it
follows from Lemma 3(i) that x(x−a)R 2FG. We shall demonstrate that x(x−a)R 62
G  F, thereby proving that FilR is not commutative. Suppose x(x − a)R were a
member of G F. It follows from Lemma 3(ii) (see Remark 2) that x(x − a)R(x −
d1a(d−11 ))(x−d2a(d−12 )) : : : (x−dna(d−1n ))xR for suitable di 2 K n f0g; 1  i  n.
Put each dia(d−1i ) = d
0
i and (x− d01)(x− d02) : : : (x− d0n) = y. Making repeated use of
the identity (x − d)x = x(x − (d)); d 2 K , it is easy to see that yx can be written as
x(x − (d01))(x − (d02)) : : : (x − (d0n)). Put (x − (d01))(x − (d02)) : : : (x − (d0n)) = z.
Since x(x− a)RyxR= xzR we must have that (x− a)R zR, so x− a is a left factor
of z. Observe that z can be written in the form
Pn
i=0 x
ici where each ci 2 Im  and c0=
(−1)n(d01d02 : : : d0n) 6= 0. By Proposition 11, ’a(z)=c0+
Pn
i=1 a(a) : : : 
i−1(a)ci=0, so
a
(
c1 +
Pn
i=2 (a) : : : 
i−1(a)ci

=−c0 2 Im . Inasmuch as c1 +
Pn
i=2 (a) : : : 
i−1(a)ci
is a nonzero element of Im  (because c0 6= 0), it follows that a 2 Im , a contradiction.
We conclude that x(x − a)R 62 G F, as required.
4. Jacobson’s Conjecture
We shall say that a ring R satises the Jacobson Conjecture if the intersection
of powers of the Jacobson radical of R is zero. It follows from classical results
in the theory of commutative rings that every commutative noetherian ring satis-
es the Jacobson Conjecture. Weaker conditions under which the Jacobson Conjec-
ture holds have been discovered. It is known, for example, that every ring which
is left noetherian and right FBN satises the conjecture, a result attributed to Jate-
gaonkar (a proof may be found in [3, Theorem 7:5, p. 100]. A more detailed ac-
count of the current state of Jacobson’s Conjecture may be found in [11, p. 284].
The main theorem of this section asserts that if R is a right FBN ring such that the
operation of ideal multiplication in R is commutative, then R satises the Jacobson
Conjecture.
If M 2 Mod-R we dene AssM = fP 2 Id R: P is prime and P = (0 : L) for some
L  Mg. It is known that if R is right noetherian then AssM 6= ; for all nonzero right
R-modules M .
We remind the reader that a torsion preradical  on Mod-R is said to be stable if
the pretorsion class associated with  is closed under essential extensions.
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Lemma 13. Let M be a uniform cofaithful right R-module. If  is a proper stable
torsion preradical on Mod-R; then M is -torsion-free.
Proof. Choose F 2 FilR such that torsp F = . Suppose (M) 6= 0. Since M is
uniform (M) is essential in M . But  is stable so M = (M). By hypothesis M is
cofaithful so 0 = (0 : M) 2F. Thus F and  are not proper, a contradiction.
If F 2 FilR we shall use ~F to denote the complement of F in the set of right
ideals of R.
Proposition 14. Let R be a right noetherian ring for which Id R is commutative. Let
G 2 GabR and M 2 Mod-R. If (0 : M) 2 ~G then AssM \ ~G 6= ;.
Proof. Let P be maximal such that P 2 f(0 : L): L  Mg and P 2 ~G. (Such a P
exists since R is right noetherian and (0 : M) 2 ~G.) Suppose P = (0 : L); L  M ,
but P 62 AssM , i.e., P is not prime. There must exist A; B 2 Id R such that PAB
and AP; BP. Since L(AB) = (LA)B=0; B(0 : LA). Put C = (0 : LA). Inasmuch
as C 2 f(0 : L): L  Mg and C BP it follows from the maximality of P that
C 2 G. Since Id R is commutative we also have 0= L(AC) = L(CA) = (LC)A, whence
A(0 : LC). Putting D = (0 : LC) we obtain D 2 G. Since G is a Gabriel lter G is
closed under products of right ideals so CD 2 G. Observe that L(CD)=LC(0 : LC)=0,
so CD(0 : L) = P. But CD 2 G, so P 2 G, a contradiction. We conclude that P is
prime and P 2 AssM \ ~G.
Recall that a right R-module M is said to be decisive if M is -torsion or -torsion-free
for all  2 torsR.
In the theorem below we shall use Z to denote the singular torsion preradical.
Observe that Z2 corresponds with the Goldie torsion radical.
Theorem 15. Let R be a right FBN ring for which Id R is commutative. Then every
nitely generated uniform right R-module is decisive.
Proof. Suppose, contrary to the theorem, that M is a nitely generated uniform right
R-module which is not decisive. Then 0 (M)M for some  2 torsR. Choose G 2
GabR such that torsp G=. Since M is not -torsion we cannot have (0 : M) 2 G. Thus
(0 : M) 2 ~G. By the previous proposition AssM \ ~G 6= ;. Choose P 2 AssM \ ~G,
say P = (0 : L); L  M .
Consider the ring R = R=P. Observe that R satises the hypotheses of the theorem
and that L R is faithful. Since the R- and R-submodules of L coincide we may also
infer that L R is nitely generated and uniform. Since R satises condition H on the
right (by Theorem 5) and L R is nitely generated it also follows that L R is nitely
annihilated and hence cofaithful.
Since R is prime and right noetherian it must be right strongly prime. (The de-
nitions of a right strongly prime and right strongly semiprime ring may be found in
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Section 5). It is known that for such rings the Goldie torsion radical Z2 is proper.
(In fact, it is known that a ring R is right strongly semiprime if and only if every
proper torsion preradical on Mod−R is contained in a proper torsion radical { see [13,
Theorem 1, p. 116].) Since Z2 is proper and stable we may conclude from Lemma 13
that Z2(L R) = 0.
Let H denote the image of G in R, that is to say H = fK=P: K P & K 2 Gg,
and let = torspH. Consider the short exact sequence
0! (L R)! L R ! L= (L R)! 0:
Inasmuch as MR is uniform, (M) 6= 0 and L 6= 0, we must have that (LR) 6= 0,
whence (L R) 6= 0. But L R is uniform, so L= (L R) must be singular. It follows that
L R is Z
2  -torsion. By Theorem 7, Fil R is commutative, so L R is   Z2-torsion,
whence L=Z2(L R) is -torsion. But Z
2(L R) = 0, so L R is -torsion. Inasmuch as L R is
nitely annihilated and -torsion we must have (0 : L R) = 0 2 H, whence P 2 G, a
contradiction.
Recall that a right R-module M is said to be semiartinian if every nonzero ho-
momorphic image of M has a nonzero socle, or equivalently, socM = M where soc
denotes the smallest torsion radical for which soc  soc.
Theorem 16. Let R be a right FBN ring for which Id R is commutative. Then R
satises the Jacobson Conjecture.
Proof. Take 0 6= x 2 R. Using Zorn’s Lemma we can choose a right ideal Ix of R
which is maximal with respect to x 62 Ix. If K; L  RR and K  Ix; L Ix it is clear
that x 2 K \ L, so K \ L Ix. This shows that NR = R=Ix is uniform. Notice also that
socN  socN (xR+Ix)=Ix  0. Since N is nitely generated, uniform and soc2 tors R,
it follows from the previous theorem that soc N = N , i.e., N is semiartinian. Since N
is nitely generated the ascending chain of submodules
socN  soc2 N  soc3 N    
must terminate. It follows that socn N = N for some n 2 N. Therefore NJ (R)n = 0 for
some n2N, i.e., J (R)n Ix for some n2N. We conclude that
T1
n=1 J (R)
nTx2R Ix=0.
Thus
T1
n=1 J (R)
n = 0, as required.
In the following example we exhibit a class of rings all of whose members satisfy
the hypotheses of Theorem 16 but which are not left noetherian. This shows that
Theorem 16 is independent of Jategaonkar’s result concerning the Jacobson Conjecture
(see introductory remarks to this section).
Example 17. Following Cohn [4, p. 130] we call a domain R a right principal valuation
ring (abbreviated PVR) if there exists a nonzero p 2 R such that every nonzero element
in R is of the form pnu with u a unit in R and n a suitable nonnegative integer. It
is not dicult to show that such a ring R is right duo with every proper nonzero
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(right) ideal of R of the form pnR= (pR)n for some n 2 N. (Recall that a ring R is
said to be right duo if every right ideal of R is two-sided.) Since R is a right duo
principal right ideal domain it is clearly right FBN. Moreover, since every ideal of R
is a power of J (R); Id R is trivially commutative. Thus R satises the hypotheses of
Theorem 16.
The prototype of right PVR is the right skew power series ring R = K[[x; ]] with
K a eld and  an endomorphism on K (see [4, Theorem 4:14, p. 176]). If  is
not an automorphism then RR does not have nite Goldie dimension so R is not left
noetherian.
Remark 4. It is known that a right FBN ring need not satisfy the Jacobson Conjecture
(see [3, Example 5.12, p. 77]) so the requirement that Id R be commutative cannot
be dropped from Theorem 16. We have no example, however, of a right noetherian
ring R which is such that Fil R is commutative but which fails to satisfy the Jacobson
Conjecture.
5. Further properties of rings R for which FilR is commutative
In this section we establish a number of general properties for rings R such that
Fil R is commutative. It will become apparent that the commutativity of Fil R implies
several quite interesting niteness type conditions for R.
We shall call an ideal J of an arbitrary ring R a right annihilator ideal of R if
J = (0 :r I) for some I 2 Id R. Left annihilator ideals are dened in the obvi-
ous manner. It is not dicult to see that if Id R is commutative then the notions of
right annihilator ideal and left annihilator ideal coincide; in this situation we shall
omit the subscripts r; l in our notation and refer to (0 : I) as an annihilator ideal.
(In this respect rings R for which Id R is commutative are similar to semiprime rings.)
More generally, if Id R is commutative and I; J 2 Id R we may write (I : J ) without
ambiguity.
Lemma 18. Let R be an arbitrary ring. Suppose I is an ideal of R and F 2 FilR.
Then:
(i) (I) F= fK  RR: for each a 2 I 9La 2F such that aLaKg;
(ii) F  (I) = fK  RR: HI K for some H 2Fg.
Proof. (i)
(I) F= fK  RR: 9H 2 (I) such that H K & (K :r a) 2F 8a 2 Hg
= fK  RR: 9H  RR such that H  I; K & (K :r a) 2F 8a 2 Hg
= fK  RR: (K :r a) 2F 8a 2 Ig
= fK  RR: for each a 2 I 9La 2F such that aLaKg:
98 J.E. van den Berg / Journal of Pure and Applied Algebra 140 (1999) 87{105
(ii)
F  (I) = fK  RR: 9H 2F such that H K & (K :r a) 2 (I) 8a 2 Hg
= fK  RR: 9H 2F such that H K & (K :r a) I 8a 2 Hg
= fK  RR: 9H 2F such that H K & aI K 8a 2 Hg
= fK  RR: HI K for some H 2Fg:
Theorem 19. Let R be a ring such that FilR is commutative. Then R satises the
ACC on annihilator ideals.
Proof. Suppose, contrary to the theorem, that
(0 : A1)(0 : A2)(0 : A3)   
is a strictly ascending chain of annihilator ideals with Ai 2 Id R for all i 2 N. Put
I =
S1
i=1(0 : Ai) and Ji = (0 : (0 : Ai)) for each i 2 N. Note that
J1 J2 J3    :
Dene F=fK  RR: K  Ji for some i 2 Ng. It is clear that fJi: i 2 Ng is a conal set
for F. Take a 2 I . Then a 2 (0 : Aj) for some j 2 N and aJj (0 : Aj)(0 : (0 : Aj))=0.
It follows from Lemma 18(i) that 0 2 (I) F. By hypothesis, (I) F=F  (I), so
0 = JkI for some k 2 N, by Lemma 18(ii). Therefore Jk (0 : I)(0 : (0 : Ak+1)) and
so (0 : Ak) = (0 : Jk)(0 : Ak+1), a contradiction.
Remark 5. It is well known that the following conditions are equivalent for a semiprime
ring R:
(i) R satises the ACC on annihilator ideals;
(ii) R contains no innite independent family of nonzero ideals;
(iii) R is a nite subdirect product of prime rings;
(iv) R is a nite left and right essential product of prime rings. (Recall that if a
ring R is a subdirect product of a family of rings fRi: i 2  g, then R is said to be a
right (resp. left) essential product of the Ri if RR (resp. RR) is an essential submodule
of
(Q
i2  Ri

R
(
resp: R
(Q
i2  Ri

.)
It follows from Theorem 19 that if R is a semiprime ring for which FilR is com-
mutative, then R must satisfy the above equivalent conditions. We shall strengthen this
observation in Theorem 24.
Theorem 20. Let R be a ring for which FilR is commutative. If I is an ideal of R
then IR is nitely annihilated.
Proof. Dene F = fK  RR: K (0 :r X ) for some nite subset X of Ig. Observe
that for each a 2 I; (0 :r a) 2 F and a(0 :r a) = 0. By Lemma 18(i), 0 2 (I) F.
By hypothesis, (I) F =F  (I), so HI = 0 for some H 2 F, by Lemma 18(ii).
Therefore H (0 : I) 2F and so (0 : I) = (0 :r X ) for some nite subset X of I . We
conclude that IR is nitely annihilated.
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A ring R is said to be right strongly prime if, given 0 6= a 2 R; there exists a nite
subset X of R such that (0 :r aX )=0. It is known that R is right strongly prime if and
only if IR is cofaithful for all nonzero ideals I of R. We remind the reader that the
right strongly prime radical sr is dened by sr(R) =
T fI 2 Id R: R=I is right strongly
primeg for all rings R. Further information on this radical may be found in [12,16].
Inasmuch as a ring R is prime if and only if IR is faithful for all nonzero ideals I
of R, the next theorem is an immediate consequence of Theorem 20.
Theorem 21. If R is a prime ring for which FilR is commutative then R is right
strongly prime.
If R is a ring for which FilR is commutative and I is a prime ideal of R, then R=I
is right strongly prime by Theorem 1(i) and Theorem 21. The corollary below follows
immediately.
Corollary 22. Let  and sr denote the prime and right strongly prime radicals
respectively. If R is a ring for which FilR is commutative then (R) = sr(R).
An ideal I of a ring R is called large if I \ J 6= 0 for all nonzero ideals J of R. The
following result is due to Handelman [13, Theorem 1, p. 116, Proposition 9, p. 118].
Theorem 23. The following assertions are equivalent for a semiprime ring R:
(i) R is a nite subdirect product of right strongly prime rings;
(ii) every essential right ideal of R is cofaithful;
(iii) every large ideal of R is right cofaithful;
(iv) R is a nite left and right essential product of right strongly prime rings.
A ring R satisfying the above equivalent conditions is called right strongly semi-
prime.
Theorem 24. Let R be a semiprime ring for which FilR is commutative. Then R is
right strongly semiprime.
Proof. By Theorem 19, R satises the ACC on annihilator ideals, so R is a nite
subdirect product of prime rings. Therefore R must contain a nite family of prime
ideals fPi: 1  i  ng such that
Tn
i=1 Pi = 0.
Since FilR is commutative Fil (R=Pi) is commutative for all i 2 f1; 2; : : : ; ng by
Theorem 1(i). It follows from Theorem 21 that each R=Pi is right strongly prime. Thus
R is a nite subdirect product of right strongly prime rings.
Remark 6. Finite subdirect products of prime rings are far more tractable objects than
arbitrary subdirect products of prime rings. For example, it is easy to show using the
characterization described in Remark 5(iv), that if R is an arbitrary right nonsingular
ring and R is a nite subdirect product of prime rings, then Qmax(R) =
Qn
i=1 Qmax(Ri)
for a suitable nite family fRi: 1  i  ng of prime rings. (Qmax denotes the maximal
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right ring of quotients.) In particular, if R is right strongly semiprime (such rings are
right nonsingular as shown in [13, Proposition 6, p. 117]) then each Ri can be chosen
to be right strongly prime which entails that each Qmax(Ri) is simple, von Neumann
regular and right self-injective (see [10, Corollary 1.24, p. 12]; [14, Proposition II.2,
p. 213, Corollary 1, p. 218]). This observation might therefore, in the light of the
previous theorem, provide some insights into the structure of the maximal right ring
of quotients of a semiprime ring R for which Fil R is commutative.
We now examine the prime radical of a ring R for which Fil R is commutative. Our
main result shows that the prime radical of such a ring is nilpotent. The reader will
observe that this is a property enjoyed by right noetherian rings.
The next result and its corollary are due to Parmenter, Passman and Stewart [15,
Theorem 2:1, p. 1100; Corollary 2:2, p. 1101].
Proposition 25. Let R be an arbitrary ring and I a proper ideal of R which is
maximal among ideals of R which are not right cofaithful. Then R=I is right strongly
prime.
Corollary 26. Let R be an arbitrary ring and I a proper ideal of R which is maximal
among ideals of R which are not right cofaithful. If sr denotes the right strongly prime
radical then I  sr(R):
Corollary 27. If sr denotes the right strongly prime radical then sr(R) is not right
cofaithful for all rings R.
Proof. Zorn’s Lemma can be used to deduce the existence of a proper ideal I of R
which satises the hypothesis of Corollary 26. By Corollary 26, I  sr(R): Since IR is
not cofaithful and I  sr(R); sr(R) cannot be right cofaithful.
Theorem 28. Let R be a ring for which Fil R is commutative. Then the prime radical
of R is nilpotent.
Proof. Let  denote the prime radical and put P=(R). Consider the ascending chain
of annihilator ideals
(0 : P)(0 : P2)(0 : P3)    :
Since R satises the ACC on annihilator ideals (Theorem 19) we must have (0: Pk)=
(0 : Pk+1) for some k 2 N. Dene R= R=(0 : Pk) and suppose R 6= 0. For each r 2 R;
let r denote the image of r in R. Note that Fil R is commutative by Theorem 1(i).
Consider the ideal P of R. Suppose P t = 0 for some t 2 R. Then Pt(0 :Pk); whence
(Pk)Pt = 0. It follows that t 2 (0 : Pk+1) = (0 : Pk); hence t = 0. This shows that P R
is faithful. Since Fil R is commutative, P R is nitely annihilated by Theorem 20, thus
P R is cofaithful. Inasmuch as P is a homomorphic image of (R); P ( R) sr( R).
Since P R is cofaithful, sr( R) must be right cofaithful. But this contradicts Corollary 27.
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We must therefore have R = R=(0 : Pk) = 0; whence (0 : Pk) = R; i.e., Pk = 0; as
required.
Corollary 29. Let R be a ring for which Fil R is commutative. Then every ideal of R
contains a product of prime ideals.
Proof. Let I be an ideal of R. Dene
p
I =
TfP 2 Id R: P is prime and P Ig. Sincep
I is an intersection of prime ideals of R; R=
p
I is a semiprime ring. By Theorem
24, R=
p
I is a nite subdirect product of prime rings, so there must exist a nite
family fPi: 1  i  ng of prime ideals of R such that
p
I =
Tn
i=1 Pi. Since
p
I =I =
(R=I) is nilpotent (Theorem 28) we must have (
p
I)m I for some m 2 N; whence
(P1P2 : : : Pn)m(
Tn
i=1 Pi)
m = (
p
I)m I; as required.
6. Commutative rings
In this section we examine commutative rings R for which Fil R is commutative. We
start with an example which illustrates that the class of such rings properly contains
the class of commutative noetherian rings.
Example 30. Let F be a eld and V an arbitrary vector space over F . Dene
R=

a x
0 a

: a 2 F; x 2 V

:
Observe that R is a commutative local ring with
J (R) =

0 V
0 0

:
Moreover, every proper ideal of R is of the form

0 W
0 0

for some subspace W of V . Since IJ = 0 for all proper ideals I; J of R; it is easy to
see that 0 2 F  G for all nontrivial F;G 2 Fil R; so trivially, Fil R is commutative.
Note that R is noetherian if and only if V is nite dimensional.
Remark 7. The ring R in the previous example is clearly not semiprime. It would be
interesting to know whether a commutative semiprime ring R for which Fil R is com-
mutative is necessarily noetherian. At this stage we have available only the following
partial result.
Proposition 31. Let R be a commutative domain for which Fil R is commutative.
Then R satises the ACC on principal ideals.
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Proof. Suppose, contrary to the proposition, that R contains an innite strictly ascend-
ing chain of principal ideals
a0R a1R a2R    :
Put I=
S1
i=0 aiR. For each i 2 N choose bi 2 R such that ai−1=aibi. Dene F=fK 
RR: K  b1b2 : : : bk for some k 2 Ng. It is easily checked that F 2 FilR. Choose
a 2 I . Then a = akr for some r 2 R and k 2 N. Note that (bkbk−1 : : : b1)R 2 F
and a(bkbk−1 : : : b1)R ak(bkbk−1 : : : b1)R = ak−1(bk−1 : : : b1)R =    = a1b1R = a0R. It
follows from Lemma 18(i) that a0R 2 (I) F. By hypothesis, (I) F=F  (I); so
HI  a0R for some H 2 F; by Lemma 18(ii). It follows that (b1b2 : : : bk)I  a0R for
some k 2 N. Hence (b1b2 : : : bk)ak+1R a0R. Write a0 = a1b1 = a2b2b1 = a3b3b2b1 =
  =ak(bkbk−1 : : : b1)=(b1b2 : : : bk)ak : Then (b1b2 : : : bk)ak+1R(b1b2 : : : bk)akR. Since
R is a domain, this implies that ak+1R akR; a contradiction.
We remind the reader that a commutative ring R is said to be a chain ring if its
ideals are linearly ordered by inclusion.
Corollary 32. The following conditions are equivalent for a chain domain R:
(i) R is noetherian;
(ii) Fil R is commutative.
Proof. (i) ) (ii) is a special case of Corollary 8.
(ii) ) (i) By Proposition 31, R satises the ACC on principal ideals. This implies
the ACC on ideals for if
I0 I1 I2   
is a strictly ascending chain of ideals of R and ai 2 Ii n Ii−1 for all i 2 N; then
a1R a2R   
is a strictly ascending chain of principal ideals, a contradiction. Thus R is noetherian.
The next few results show that in the commutative setting, rings R for which Fil R
is commutative enjoy many of the classical properties of noetherian rings.
In the next result we shall use (X :R Y ) to abbreviate fr 2 R: YrX g whenever X
and Y are subsets of a commutative ring R.
Proposition 33. Let R be a commutative ring for which Fil R is commutative. Then
every cyclic R-module satises the ACC on annihilators.
Proof. Let I be a proper ideal of R and consider the factor ring R = R=I . For each
subset X of R let X denote the image of X in R. Observe rst that if X R then
(0 : R X )=(I :R X ). We shall demonstrate that (R=I)R satises the ACC on annihilators.
J.E. van den Berg / Journal of Pure and Applied Algebra 140 (1999) 87{105 103
Suppose, on the contrary, that there exists a family of subsets fXi: i 2 Ng of R such
that
I (I :R X1)(I :R X2)    :
This induces the following strictly ascending chain in R:
0 (I :R X1) (I :R X2)   
whence
0(0 : R X 1)(0 : R X 2)    :
Since Fil R is commutative (Theorem 1(i)), R satises the ACC on annihilator ideals
by Theorem 19. But R is commutative so each (0 : R X i) is an annihilator ideal of R; a
contradiction. We conclude that (R=I)R satises the ACC on annihilators, as required.
Proposition 34. Let R be a commutative ring for which Fil R is commutative. Then
Ass M 6= ; for all nonzero R-modules M .
Proof. Let M be a nonzero R-module. Without loss of generality we assume that M
is cyclic. By Proposition 33, the family f(0: x): 0 6= x 2 Mg has a maximal member
(0 : x); say. Since R is commutative, (0 : x) = (0 : L) where L = xR  M . It is not
dicult to check that (0 : L) is a prime ideal of R; so (0 : L) 2 Ass M .
Theorem 35. Let R be a commutative ring for which Fil R is commutative. Then the
following conditions are equivalent for a nonzero injective R-module E:
(i) E is indecomposable;
(ii) E = E(R=P) for some prime ideal P of R. Furthermore; the prime P is unique.
Proof. (ii) ) (i) holds for arbitrary commutative rings R.
(i) ) (ii) By Proposition 34 there exists a prime ideal P 2 Ass E. Without loss of
generality we suppose P= (0: x) for some x 2 E. Then R=P = xR  E. Since E is an
indecomposable injective we must have E = E(R=P); as required. It is easily shown
that jAssM j  1 for all uniform R-modules M . The uniqueness of P follows. This
establishes (ii).
Recall that an ideal I of a commutative ring R is said to be primary if, whenever
ab 2 I; then either b 2 I or there exists n 2 N such that an 2 I . If I is a primary ideal
of R then P = fa 2 R: an 2 I for some n 2 Ng is a prime ideal of R. In this situation
I is referred to as a P-primary ideal of R.
Theorem 36. Let R be a commutative ring for which Fil R is commutative. Then:
(i) if Q is an irreducible ideal of R then Q is primary;
(ii) if Q is a P-primary ideal of R then PnQ for some n 2 N.
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Proof. (i) Exactly as in [22, Lemma 2, p. 209], invoking only the ACC on annihilators
for (R=Q)R (Proposition 33).
(ii) Since Q is P-primary it follows that
P = fa 2 R: an 2 Q for some n 2 Ng
= fa 2 R: a+ Q is a nilpotent element of R=Qg
= fa 2 R: a+ Q 2 (R=Q)g ( denotes the prime radical):
Thus P=Q = (R=Q). Since Fil R=Q is also commutative (Theorem 1(i)), it follows
from Theorem 28 that (R=Q) is nilpotent. Hence PnQ for some n 2 N; as required.
If I is an ideal of a ring R and M 2 Mod-R we use (0:MI) to abbreviate fx 2
M : xI = 0g.
Theorem 37. Let R be a commutative ring for which Fil R is commutative. If P is a
prime ideal of R and E = E(R=P); then E =
S1
n=1(0 :
E Pn).
Proof. Take 0 6= x 2 E. Clearly Ass (xR) Ass E=fPg. Thus Ass (xR)=fPg. Since
E is indecomposable it follows that xR is a uniform R-module, whence (R=(0 : x))R is
uniform. It follows that (0 : x) is an irreducible ideal of R. By Theorem 36(i) (0 : x)
is primary. Since Ass (xR)=fPg; we must have that (0 : x) is P-primary. By Theorem
36(ii), Pn(0 : x) for some n 2 N; i.e., x 2 (0 :E Pn); as required.
A ring R is said to be right stable if every torsion radical on Mod-R is stable.
Commutative noetherian rings constitute the prototype of stable ring. The proof of the
stability of a commutative noetherian ring R hinges on the fact that every injective
R-module decomposes into a direct sum of indecomposable injectives, and that every
indecomposable injective R-module is of the form E(R=P) for a suitable prime ideal P
of R; and satises Theorem 37. In the case where R is a commutative ring for which Fil
R is commutative, but which is not necessarily noetherian, the decomposition of every
injective R-module into a direct sum of indecomposable injectives is not available to
us, for this property characterizes noetherian rings. Such rings would appear therefore
to satisfy a form of \weak stability". Following Golan (see [8, p. 50]) we call an
arbitrary ring R right semistable if every indecomposable injective right R-module is
decisive.
Theorem 38. Let R be a commutative ring for which Fil R is commutative. Then R
is semistable.
Proof. Let E be a nonzero indecomposable injective R-module and  2 tors R. By
Theorem 35, E = E(R=P) for some prime ideal P of R. If (R=P)R is -torsion-free
then so is E(R=P). Suppose (R=P)R is not -torsion-free. Choose F 2 Gab R such that
= torspF. Then (P : r) 2F for some r 2 R n P. But P is prime so (P : r) = P; i.e.,
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P 2 F. Since F is a Gabriel lter Pn 2 F for all n 2 N. It follows that (0 :E Pn)
is -torsion for all n 2 N. But E = S1n=1(0 :E Pn) by the previous theorem, so E is
-torsion. This shows that E is decisive, as required.
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